On rings whose finitely generated faithful modules are generators  by Herbera, Dolors & Menal, Pere
JOURNAL OF ALGEBRA 122, 425438 (1989) 
On Rings Whose Finitely Generated Faithful 
Modules Are Generators 
DOLORS HERBERA AND PERE MENAL 
Departament de Maremritiques, Universitat Autbnoma de Barcelona, Bellaterra, Spain 
Communicated by Barbara L. Osofsky 
Received April 16, 1987 
DEDICAT A CARLES FAITH EN EL SEU 60 ANIVERSARI 
A ring R over which every finitely generated faithful right R-module is a 
generator of the category mod-R of all right R-modules is called right FPF. 
FPF ring theory was initiated in this general setting by Faith in order to 
study from a unified point of view those rings that appear in Morita 
duality, commutative Prtifer rings and bounded Dedekind prime rings 
amongst others. The reader can consult Faith and Page’s book [ 141, where 
most of the basic results on FPF rings are contained. 
In Section 1 of this paper we construct semiprime FPF rings that are not 
semihereditary, thus answering [ 14, Question 111. It was an open question 
[l, p, 173171 whether or not the Pierce stalks of a semiprime FPF ring are 
FPF. We will answer this in the negative. We close Section 1 by proving 
that the maximal ring of quotients of a semiprime right FPF ring R satisfy- 
ing a polynomial identity is the localization of R at the set of all nonzero 
divisors of the centre Z of R. In the case where R is module finite over Z 
this was obtained in [l, Proposition 1.91. 
Section 2 considers centres, Galois subrings, and group rings over FPF 
rings. By using the methods of Bergman and Cohn, cf. [4, Section 6.21, we 
show that every integrally closed commutative domain can be realized as 
the centre of a Bezout FPF domain, and conversely. This answers [14, 
Question 33 in the negative. We remark that a negative answer for non- 
semiprime FPF rings is implicit in [24], where the authors construct a 
quasi-Frobenius ring whose centre is not quasi-Frobenius. We also provide 
additional examples showing that Galois subrings of semiprime FPF rings 
need not be FPF, cf. [14, Question 141. A positive result is that if C is a 
finite group of automorphisms of a reduced commutative FPF ring, then 
the fixed ring RG is FPF; this is fairly easy but our examples illustrate and 
limit the scope for possible generalizations. 
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A theorem of Azumaya states that if R is commutative, then any faithful 
finitely generated projective R-module is a generator of mod-R. This 
theorem does not extend to arbitrary rings; it fails even for prime rings 
satisfying a polynomial identity. If R is commutative and G is a finite group 
with /G( - ’ E R, then we shall see that the group ring RG satisfies the con- 
clusion of Azumaya’s theorem. This result is the key ingredient in proving 
that RG is FPF provided R is a commutative FPF ring and /GI ’ E R, cf. 
[14, Question S]. 
1. SEMIPRIME FPF RINGS 
Throughout this paper all rings are associative with 1. The term ideal 
will be used for two sided ideals. For a ring R we denote by Q(R) its right 
rna~~rna~ ring of quotients, or simply Q when the ring R is clear from the 
context. If X is a subset of R we denote by rR(X) its righr annihilator. 
Let M be a right R-module. Recall that a submodule N of M is essential 
in M, written N <, M, if every nonzero submodule of M has nonzero 
intersection with N. Following Chatters and Hajarnavis [2] we say a ring 
R is right bounded if every essential right ideal of R contains an ideal which 
is essential as a right ideal. This term is used in [14] with a slightly 
different meaning. 
Z(M) will denote the singular s~bmodu~e of the right R-module M. 
If R is a semiprime right FPF ring then a theorem of Page [14, Theorem 
3.121 states: 
(A) Q is regular a~d,~at us right R-module and the multiplication map 
Q 0 R Q --t Q is an isomorphism. 
By [IS, Theorem 5.171, (A) implies: 
(A’) Every finitely generated nonsi~g~~ar ight R-module can be 
enlbedded in a free right R-module. 
Also the following properties of a semiprime right FPF ring are well 
known: 
(B) R is right bounded [ 1, Proposition 2.2; 18, Proposition I]. 
If in addition R is right nonsingular then, by 119, Lemma 21, (B) 
implies: 
(B’) A finitely generated right R-module M is faithful if and only if 
~/Z(M) is faithful. 
(C) Every faithful finitely generated right ideal of R is a generator of 
mod-R. 
We first give a characterization of semiprime right FPF rings, essentially 
due to S. Kobayashi, that will be useful in the sequel. Our proof is perhaps 
simpler than the original one. 
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THEOREM 1.1 (Kobayashi [ 19, Theorem 11). Let R be a semiprime ring. 
Then R is right FPF if and only if R satisfies (A), (B), and (C). 
Proof. By the above remarks it s&ices to show that if R is a semiprime 
ring satisfying (A), (B), and (C) then R is right FPF. 
Assume M is a finitely generated faithful right R-module. Since Q is 
regular, R is right nonsingular so by (B’) we may assume without loss 
of generality that M is nonsingular, Then by (A’) there exists an 
R-monomorphism (cp, . . . . cp,): M -+ $; R. This induces an epimorphism 
M” + @;=, q,(M). Since M is faithful, so is @;=, q,(M). Hence 
x7=, pi(M) is faithful. By (C), x1= i vi(M) is a generator. Since there is an 
epimorphism M” --+ zy=, q,(M) we conclude that M is a generator. 
By means of this characterization we are able to obtain some infor- 
mation about the rings between a semiprime right FPF ring R and Q. 
Burgess has proved [ 1, Theorem 1.33 that the left classical ring of 
quotients Q:,(R) of a semiprime right FPF ring R exists and coincides 
with Q. 
LEMMA 1.2. Let R be a semiprime ring and let a and b be elements qf Q. 
If aRb = 0 then aQb = bQa = 0. 
Proof: It s&ices to prove that bQa = 0. For this consider the right ideal 
of R, I = bQaR n R. Then I2 G QaRbQ = 0. By semiprimeness I= 0 and 
since R f, Q we get bQa = 0. 
LEMMA 1.3. Let R be a semiprime ring. If R satisfies condition (C) and 
has a classical ring of quotients Q,,(R) say, then every ring S between R and 
Q,,(R) satisfies (C). 
Proof Let I be a faithful ~nite~y generated right ideal of S. We may 
choose a nonzero divisor b in R such that bI= Err=, r,S for suitable Y,.E R. 
If we define J= CT!, r;R, then it is clear that JS z I as right S-modules. 
Hence by Lemma 1.2, J is R-faithful. By (C) there exist n > 1 and a 
R-epimorphism cp: .I” -+ R. Since Qc,( R) is left R-flat JOR Q,,(R) E JQ,(R). 
So q induces a Q,,(R)-epimorphism Cp: (JQ,,(R))” -+ Q,,(R). Obviously 
I&J”) = R and so @((JS)‘) = S. Thus JS and so I generates mod-S. 
Therefore S satisfies (C). 
COROLLARY 1.4. Let R be a semiprime, right Ore, right FPF ring. If S is 
a right bounded ring between R and Q then S is right FPF. 
Proof: By using [ 1, Theorem 1.31 we see that Q is the classical ring of 
quotients of R. Now combine Theorem 1.1 and Lemma 1.3. 
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Our goal now is the construction of nonsemihereditary FPF rings. First 
we require the following easy result. 
PROPOSITION 1.5. Let T be a subring of a ring S and R be the subring of 
nM S consisting of these sequences (x,) such that x, E T for all but finitely 
many n. Then: 
(i) If R is semihereditary then so is T. 
(ii) Assume T satisfies: (1) s = Q(T) = Q,,(T) and S is regular self- 
injective of bounded index of nilpotency. (2) There exists a function 
F: N + N such that for every faithful m-generator right ideal Z of T, T is 
isomorphic to a direct summand of I,“““. Then R is right FPF. 
Proof (i) Assume R is right semihereditary. By the standard category 
equivalence between mod-T and mod-M,(T) in order to see that T is right 
semihereditary it suffices to show that for any element a E T its right 
annihilator is generated by an idempotent of T. Since R is right 
semihereditary r,J(a)) = (e,) R, where eg = e, E S for n > 1. By definition of 
R, there exists r 2 1 with e, E T. Then it is clear that rr(a) = e, T. 
(ii) By (1) S is regular. Hence R is semiprime. If we show that R 
satisfies (A), (B), and (C) in Theorem 1.1, then the result will follow. Note 
that (1) yields Q(R) = Q,,(R) = nN S and since R 4 Qc,( R) is clearly a flat 
epimorphism, (A) follows. 
In order to prove (B) let Z be an essential right ideal of R. Let us write 
e, = (0, . . . . ‘“1, 0, . ..) E R. For each n > 1. Then e,Z is an essential right ideal 
of e,R g S. Since S is regular self-injective of bounded index, there exists an 
ideal .Z, of e, R contained in e,Z which is essential as a right ideal, cf. [ 17, 
Lemma 6.201, Put J = 0, a i J,. It is then clear that J is an ideal contained 
in Z and essential as a right ideal. 
It is clear from (2) that nNT is a ring satisfying (C). By Lemma 1.3 
R satisfies (C). This completes the proof of the proposition. 
EXAMPLE 1.6. There exists a reduced FPF ring that is not 
semihereditary. 
Proof Choose T to be any nonsemihereditary simple noetherian 
domain of finite Krull dimension n (for example, A,(K) the Weyl algebra of 
order n > 1 over a field K of characteristic 0), cf. [25]. By Stafford’s 
theorem [26, Theorem 4.31 every nonzero right ideal Z of T is such that 
Z”+ * contains a direct summand isomorphic to T. Let S be the field of frac- 
tions of T and define R as a Proposition 1.5. Clearly T satisfies (1) and (2) 
of part (ii) of that proposition, so R is right FPF. By part (i) of the same 
proposition, R is not semihereditary. 
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For a ring R, let B(R) be the set of central idempotents of R. For each 
x E Spec B(R), R, = R/xR is called a stalk of R. It is well-known that for a 
commutative semihereditary ring R the stalks R, are Priifer domains. 
Hence the stalks of commutative semiprime FPF rings are, in fact, FPF. 
Our next example shows that this is not true in the noncommutative case. 
EXAMPLE 1.7. There exists a reduced FPF ring with a stalk that is not 
FPF. 
Proof: Let T be a simple Ore domain (not a field) which satisfies (2) of 
Proposition lS(ii). Let S be the field of fractions of T. Define R as in 
Proposition 1.5, so that R is FPF. Let x E Spec B(R) such that 
On,1 S 5 xR. We claim that R, is not bounded and by (B) R, cannot be 
FPF. Note that 
Thus without loss of generality we may assume R = nN T. Choose 
yn~T-{O} such thaty,T#Tfor allnal. Puty=(y,)ERandconsider 
j = y + xR E R,. Clearly j # 0. Note that R, is an Ore domain so every 
nonzero right ideal is essential. Now we shall prove that jR, does not con- 
tain nonzero ideals. Suppose a = (a,) E R is such that RaR E yR + xR; we 
must prove that a E xR. Since y, T does not contain nonzero ideals we can 
choose t, E T such that ?,,a,, 4 y, T whenever a, # 0. Let t = (t,) E R. By 
assumption taEyR+eR for some e= (e,)Ex. If e,=O then t,,a,,Ey,,T 
implies a,, = 0. So ea = a and therefore a E xR. 
Notice that for T semihereditary (for example, T= A,(K), where K is a 
field of characteristic 0) the result ring R in Example 1.7 is also 
semihereditary. 
Further information about Q can be obtained when R is assumed to be a 
semiprime right FPF ring satisfying a polynomial identity. 
PROPOSITION 1.8. Let R be a semiprime right FPF ring satisfying a 
polynomial identity. Then Q = R,, where C is the set of all nonzero divisors 
of the centre Z of R. 
Proof: Let XEC. Then r,Jx) is a two sided ideal of R. Since 
r;(x) = rR(x) n Z =0 it follows from Rowen’s theorem [3, p. 4641 that 
rR(x) = 0. So x is a nonzero divisor of R. Thus Z is an Ore set and we have 
R c R, E Q. It is easily seen that a central localization of a right FPF ring 
is again right FPF so R, is right FPF. Now let b-la be an element of the 
centre Z(R,) of R,. Clearly b&la is an element of the centre of Q and thus 
rg(bpla) = r&a) = eQ, where e is a central idempotent of Q and hence it 
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lies in Z, cf. [14, Proposition 3.291. Therefore r,(a+ e) =0 and, since 
a+e~Z, we have (a+e) p= 1 with ,uEZ(R~). From this a= (a+e) pa= 
apa and hence b- ‘0 = b- ‘a(pb) bk’a. This proves that Z(R,) is a regular 
ring. By replacing R by R, we may assume without loss of generality that 
Z is regular and then we must prove that R = Q. 
For each x E Spec B(R) we form R, = (R + xQ)/xQ and Q,Y = Q/xQ. We 
claim that the centre of R, is regular. Let c1 E R such that a E Z(R.,). By 
[ 16, Theorem 3.61 there exists p E Z(Q) such that b - r E xQ. Choose e E x 
such that (l-e)a=(l-e)/?. Then (1-e)aEZ and c?=(l-e)cc. 
Therefore Z(R,) is a factor ring of Z which is regular and so is Z(R,). 
Since R, is a prime ring [ 1, Lemma 1.11 satisfying a polynomial identity 
we conclude by Posner’s theorem [3, Theorem 12.6.81 that R, is simple 
artinian. It follows easily from (A) that the inclusion map R, 4 Q.X is a ring 
epimorphism so R, = Q.,. Thus we have shown that R + XQ = Q for all 
x E Spec B(R). This yields R = Q. 
We remark that Burgess [ 1, Proposition 1.91 proves this result in the 
case when R is a finitely generated module over its centre. 
2. CENTRES, GALOIS SUBRINGS, AND GROUP RINGS 
Let R be a right FPF ring with centre Z. In this section we shall examine 
the following problems: 
(a) Is Z FPF? [14, Question 31. 
(b) If G is a finite group of automorphisms of R, then is the Galois 
subring RG right FPF? [14, Question 143. 
(c) Characterize FPF group rings RG [14, Question 151. 
A negative answer to questions (a) and (b) for nonsemiprime FPF rings 
was implicit in [24]. First we shall offer some very simple examples, patter- 
ned on [24], showing that the centre of a PF ring (i.e., a ring whose 
faithful modules are generators cf. [22]) can be reduced but not FPF. 
EXAMPLE 2.1. (i) There is a commutative PF ring R with 2 ~ ’ E R and a 
group G of order 2 acting on R such that RG is reduced but not FPF. 
(ii) There is a PF ring whose centre is reduced by not FPF. 
Proof: (i) Let A be any commutative complete local noetherian ring 
with 22’ E A. If E is the injective hull of the unique simple A-module, then 
,.,EA defines a Morita duality and so R = (A, E), the trivial extension of A 
by E, is a PF ring [9, Theorem 4C]. Let g: R --, R be the map defined by 
(a, e) H (a, -e). Since 2- ’ E A we see that g is a ring automorphism of 
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order 2. If G is the group generated by g, then it is clear that R” 2 A. If we 
choose A to be nonhereditary (e.g., A =Q[x, ~1) then by [lo, p. 1681 A 
and hence R” are not FPF. 
(ii) With the same notation as in (i), consider S the crossed product 
R * G. It follows from Louden’s theorem [20; 14, Corollary 5.221 that S is 
PF. When A is a nonhereditary domain we see that the centre of S is 
R” 2 A, a nonsemihereditary commutative reduced ring and so not FPF. 
For commutative reduced rings we have 
THEOREM 2.2. Let R be a commutative reduced FPF ring. If G is a finite 
group of automorphisms of R, then RG is FPF. 
Proc$ By [ 13, Theorem 5.11 it suffices to prove that the classical ring 
of quotients of R” is self-injective and that every faithful finitely generated 
ideal of R” is a generator of mod-R”. 
Step 1. Q,,( RG) = Q,,(R)” is self-injective. 
Since Q,,(R) is a commutative regular self-injective ring so is Q,,(R)” 
(Theorem 3.5 in [23], there attributed to Diop 1171). Clearly RG E Q,,(R)“. 
We shall see that Q,,(R”) = Q,,(R)G. For this, let ab” ’ E Q,,(R)“, 
where a, b E R and b is a nonzero divisor of R. Now we have a, = 
(ab--‘)&Ec;bKER’ and, since b,-n,,, bR is a nonzero divisor of R”, 
we see that ah-’ =a, b, I. Hence Q,,(R)“c Q,,(R”) and, since Q,,(R)’ is 
its own classical ring of quotients, we have Q,,(R)’ = Qc,( R”). 
Srep 2 (essentially contained in [28, p. 2833). Every faithful finitely 
generated ideal of RG is a generator of mod-RG. 
Let I be a faithful finitely generated ideal of R”. Clearly ZQ,,(R”) is a 
faithful finitely generated ideal of Q,,(RG). Since Q,,(R”) is self-injective we 
have ZQ,,(R”) = Qc,( R”). By Step 1, Q,,( R”) = Qcl(R)” c Q,,(R). Then 
IQ,,(R) = Q,,(R). Therefore ZR is a finitely generated faithful ideal of R. 
Since R is FPF there is an epimorphism cp: (lR)= -+ R of R-modules 
for some n 2 1. Now Q,,(R) is self-injective so cp is of the form 
dx, > .. . . x,) = ix:;=, qixi, where q, E Q,,(R) and qiZs R for all i = 1, . . . . n 
and, since cp is onto, we can find the q,‘s such that CT=, qiui = 1 for suitable 
‘all E i. Thus we may write n,,&:‘= i 4;p a,) = 1 which is a relation of the 
form 
2 pi(q,) a,,-..aim= I, 
i= I 
where m is the order of G, the a’s belong to I and the Pi’s are polynomials 
in qj invariant under G. Put pi=Pjail~~~xj,_, for i= l,...,r. Then 
pie Q&R”) and, since qiic R, we obtain piIs R n Q,,(RG) = R” for 
i = 1, . . . . r. Also CT=, pipi = 1 for some flit I. This allows us to define a 
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RG-epimorphism I’ -+ RG by (.slr . . . . s,) H C;=, pisi. Hence I is a generator 
as desired. 
Example 2.1 (i) shows that for general commutative rings the conclusion 
of Theorem 2.2 is not true; this fails even for rings that are Morita 
equivalent to reduced commutative rings, as the following result shows. 
PROPOSITION 2.3. For any ring R in which 2 is not invertible there exists 
a group of automorphisms of M,(R) of order 4 such that M,(R)’ is neither 
right semihereditary nor right FPF. 
Prooj Let G be the subgroup of GL,(R) generated by 
Now G acts by conjugation on M,(R) and straightforward computation 
shows that 
i( 
X 0 
A,&(R)‘= Y x-2Y 
Z 
Write S for M,(R)’ and consider 
%-(1 ; B), u2ci! ii)? %=(a ; a>. 
Then A4 = tl, S + u,S + ~1~ SS M,(R) is a finitely generated faithful right 
S-module. Suppose f: A4 + S is a S-homomorphism. Note that 
f@d(~ -; ;)=o, fi%J(; ; jp 
From these relations we easily obtain that 
f(cti)=(ai JI "), i= 1,2,3, 
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where ai E 2R. If S is a right FPF ring then crC M.f(M) = S which implies 
2R = R. If S is semihereditary, then the right annihilator of c(, is generated 
by an idempotent. An easy computation shows that this happens only 
when 2R = R. 
Finally we show that Theorem 2.2 does not extend in an obvious way to 
semiprime FPF rings, even assuming that 1 GI ~ ’ E R. 
EXAMPLE 2.4. There exists a semiprime FPF ring R and a finite group 
G of automorphisms of R with /Cl ~’ E R such that RG is not FPF. 
Proof Let K be a field of characteristic 22 and let A = K[ t] be the 
polynomial ring. Put R = M,(A) and define g: R + R by 
It is easily verified that g is a ring automorphism of order 2. If G is the 
group generated by g, then it is immediate that 
Let e = (h z) E RG. Then the right ideal Z= eRG is faithful while RGZRG # RG. 
So Z is not a generator and hence RG is not FPF. 
Now we are going to obtain some information on the structure of the 
centre Z of a semiprime right FPF ring. In general Z need not be FPF. The 
following result explains when this occurs 
PROPOSITION 2.5. Let R be a semiprime right FPF ring with centre Z. 
Then the following are equivalent 
(i) Z is FPF. 
(ii) Every finitely generated Z-submodule M of R containing Z is 
projective. 
ProoJ: (i) * (ii). Let Z be an ideal of Z. Since R is semiprime, it 
follows from [ 14, 3.1A.21 that r,(ZR) = eR for a central idempotent e of R. 
This proves that if Z is essential in Z then ZR is an essential right ideal of R. 
As a consequence we see that the right singular Z-submodule of R is 
contained in the right singular ideal of R. Since R is right nonsingular we 
conclude that R is a nonsingular Z-module. Thus, by (A’), every M as 
in (ii) embeds in a free Z-module and since Z is semihereditary, cf. 
[ 10, Theorem lo], then M is projective. 
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(ii) * (i). Let M be a finitely generated faithful Z-module. In order 
to prove that M generates mod-Z we may assume that ZG M, since Z is 
commutative. By (ii) R is a flat Z-module and so the induced map 
R=Z@,R+MQ,R 
is injective. Therefore MO, R is a faithful finitely generated right 
R-module. Since R is right FPF, MO, R is a generator of mod-R. By 
replacing M by some power M” if necessary, we may assume there is an 
R-epimorphism f: M Oz R + R. Let m = Cf=, mi 0 Yi E M Oa R such that 
f(m) = 1. Put P= Cl= l Zv,. Then the image of the composite map 
M@, P + Mm, R -+ R is a finitely generated Z-submodule N of R 
containing Z. By hypothesis N is projective so, by Azumaya’s theorem 
[ 10, p. 1731, N is a generator. Then MO, P and so M are generators. 
Our next result is an extension of [ 13, Proposition 2.7, p. 781 
PROPOSITION 2.6. Let R be a semiprime right FPF ring. Then the centre 
Z of R is integrally closed in its maximal ring of quotients. 
Proof Let Q be the maximal ring of quotients of R. By [ 14, 
Proposition 3.291, Z and Z(Q) contain the same idempotents. Since Z(Q) 
is regular, this yields that Z G Z(Q) is a nonsingular extension and, since 
Z(Q) is also self-injective, Z(Q) contains a subring isomorphic to the 
maximal ring of quotients of Z. Hence we need prove only that Z is 
integrally closed in Z(Q). For this, let q E Z(Q) be integral over Z. Then 
M= R[q] is a finitely generated faithful R-module and so a generator. 
Hence the centre of End.(M) is canonically isomorphic to Z. Since 
R G Mr Q we see that every R-endomorphism of M is given by left 
multiplication by some element of Q, therefore left multiplication by q is a 
central endomorphism of M. Thus q E Z. 
It seems plausible that every commutative reduced ring that is integrally 
closed in its maximal ring of quotients can be realized as the centre of a 
semiprime FPF ring. In fact, we will prove this for domains. 
Bergman and Cohn have proved that every integrally closed com- 
mutative domain is the centre of a Bezout domain [4, Theorem 2.71. The 
rings they find are not bounded and so not FPF. However, we shall see 
that this can be done. We need the following result which is now immediate 
from Theorem 1.1. 
PROPOSITION 2.7 ( [ 14, Theorem 4.131). A Bezout domain is right FPF 
if and only if it is right bounded. 
With this result in mind we can look at the papers [8; 5, Section 3; 27, 
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Lemma 4.31 amongst others, to find some interesting exampies of FPF 
principal ideal domains. 
It is interesting to note that Cohn and Schofield have constructed a 
principal ideal domain which is FPF with centre a field F and such that the 
centre of its field of fractions is bigger than F [S, Section 31. This proves 
that the maximal ring of quotients of the centre of a semiprime FPF ring R 
need not be isomorphic to the centre of Q. 
THEOREM 2.8. If C is an integrated closed commutative domain, then 
there exist.r u bounded Bezout domain (hence FPF) whljse centre is C. 
Proof: By [4, Proposition 2.51, C= A”, where CI is an automorphism of 
infinite order of a commutative Bezout domain A. A can be described as 
follows: let V be the set of all valuations o of k (the field of fractions of C) 
such that u(c) 2 0 for each CE C. Then A consists of those elements 
.f/g E k( 7’) such that o(j) 2 u(g) for all valuation Z.J of “Y-, where T is the set 
of i~determinates . . . t_ i, t,, t,, . . . and CL sends in to t, .,. , for all n E Z. Now 
given any nonzero element a E A, say u =p( T)/q( T), we take a nonzero 
coefftcient c E C of p( T). Hence u(c/p( II”)) >, 0 for all valuation u E V and so 
cJp( 7’) E A. Therefore c E aA. Thus we have shown that In C z 0 for every 
nonzero ideal I of A. Consider the ring of skew formal series K[x, ~1, 
where K is the field of fractions of A, and form the ring R = A t xK[lx, E], 
We shall prove that R has the desired properties. By using that CI has 
infinite order it is easily seen that the centre of R is C. If Of TE R then 
r = x”( cO + xc 1 -I- ‘. . ) for some n 2 0 and 0 # c0 E K. Thus every principal 
right ideal of R can be generated by an element of the form x”cO. Suppose 
we are given right ideals I = xncO R and I’ = x”chR. If n < m then I’ c I 
and if rt=m then Z+I’=x”h--‘(a,R+abR), where a,,abEA and 
h- ‘ffO= I‘~, &‘nb= rb. Since A is a Bezout domain there exists dcA such 
that a,,4 +trbA =dA. It is then clear that f+Z’=Y’h-i (ER. Therefore R is 
a Bezout domain. In order to prove that R is right bounded let YcO R be a 
nonzero right ideal of R. Recall that every nonzero ideal of A contains a 
nonzero central element. Hence YcO R 2 xacR, where 0 $1 L‘ E C. Now x”cR 
is a nonzero ideal so the result follows. 
Along the same lines of Theorem 2.8, we remark that by using the results 
of [4, Section 6.21 it can be proved that every Gull domain occurs as the 
centre of a FPF principal ideal domain. 
Now we consider the group ring RC, where G is a finite group. 
PROPOSITION 2.9. Let R be a commutative rirsg and G a jinite group 
whose order is invertible in R. If‘ P is a &itely generated .fhit!zf&i prqjective 
RG-module, then P is a generator. 
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Proof: Let e E M,(RG) be an idempotent defining P, that is P z e(“RG). 
We must prove that the ideal Z generated by e is the whole ring M,(RG). 
Since P is a finitely generated R-module and R is commutative we may 
assume that R is noetherian. On the other hand, it is clear that P is a 
generator of mod-RG if and only if P@,R, is a generator of mod-R, G 
for each maximal ideal M of R. So we may also assume that R is local. 
First we consider the case where R is reduced. Let Q be the classical ring of 
quotients of R. Then POR Q is a finitely generated faithful projective 
QG-module. Since Q is semisimple artinian and IGI -’ E Q, POR Q 
generates mod-QG. By replacing P by some power P” we may assume that 
there is an embedding QG 4 PoR Q which implies a corresponding 
embedding RG 4 P. If R denotes the completion of R with respect to the 
M-adic topology (where M is the maximal ideal of R) then, since R is 
R-flat, we have an embedding RG 4 POR Z? = P. In particular, we see that 
p is a finitely generated faithful projective RG-module. If K= R/&i then we 
claim that p/pit? is a faithful KG-module. The annihilator of p/f&Z is 
generated by a central idempotent which can be lifted to an idempotent e 
of RG; this is because RG is complete with respect to the it.?G-adic 
topology (cf. [ 12, Proposition 21.7B]). Thus we have fe c fina r p,@“. By 
Krull’s theorem, pe = 0. Because p is faithful e = 0. Therefore p/is&Z is 
faithful as claimed. But then p//r;& generates mod-KG so P generates 
mod-RG. As it is well-known, this happens if and only if P generates 
mod-RG. 
Suppose now that R is an arbitrary local noetherian ring with nilpotent 
radical N. Note that any a~ RG such that Pa E PN is nilpotent so 
(R/N) G semiprime implies a E NG. This shows that P/PN is a projective 
faithful finitely generated (R/N) G-module. By the above paragraph P/PN 
generates mod-(R/N) G and, since NG is nilpotent, we see that P generates 
mod-RG. The proof is complete. 
LEMMA 2.10. Let R be a ring whose finitely generated faithful right 
ideals are projective. Zf A4 is a finitely generated rational submodule of R” 
(for some n) then A4 is R-projective. 
ProofI We proceed by induction on n, the case n = 0 being obvious. Let 
e,, . . . . e, be the canonical basis of R”. Since it4 is a rational submodule of 
R” there exists a rational right ideal Z such that e,Zc M. Let rc: M+ R 
denote the projection on the first coordinate. Since Zz z(M) we see that 
n(M) is a finitely generated faithful right ideal of R. By hypothesis x(M) is 
projective so A4 g Ker 7~ 0 n(M). Now Ker rc is a rational finitely generated 
submodule of e2 R 0 . . . 0 e, R E R” ~ ‘; hence by induction it is projective. 
Therefore A4 is projective as desired. 
Now we are ready to prove our main result on FPF group rings. 
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THEOREM 2.11. Let R be commutative FPF ring and let G be a finite 
group whose order is invertible in R. Then RG is FPF. 
Proof: Suppose M is a finitely generated faithful right RG-module. Let 
Z(M) be its rational submodule. If aE RG is such that MasZ(M) then 
there is a rational right ideal I of RG such that Mal= 0 (for, by the com- 
mutativity of R, Ma is a finitely generated R-module). Since M is faithful 
al = 0 and so a = 0. Then A = M/Z(M) is a finitely generated faithful right 
RG-module. Hence replacing M by li;i we may assume without loss of 
generality that Z(M) = 0. But then E,(M), the rational hull of M, is a right 
QG-module, where Q is the maximal ring of quotients of R. Thus 
MQ G E,(M) is a finitely generated faithful QG-module. Since Q is injective 
and FPF, QG is FPF by [14, 5.23A]. Thus we may assume that there is a 
QG-epimorphism f: MQ + QG. This implies f(M) Q = QG. By [ 13, p. 721, 
Q is the classical ring of quotients of R so there is a finitely generated right 
ideal I of RG which is isomorphic to f(M) and 1Q = QG. Now I is a 
rational R-submodule of RG z RiGI so, by Lemma 2.10, I is R-projective. 
Since 1 GI ~ ’ E R then Z is RG-projective (cf. [6, Lemma 31) and so a 
generator by Proposition 2.9. Noting that Z is a homomorphic image of A4 
we conclude that M is a generator of mod-RG. 
We remark that there are simple examples showing that the above 
theorem fails for crossed products. For this, take R = K[t] the polynomial 
ring over a field K of characteristic 22 and let g be the K-algebra 
automorphism of R which sends t to -t. Then the crossed product 
S= R * (g) is not FPF. In fact, the right ideal (1 +g)S is faithful but not 
a generator of mod-S. 
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